Optical vortices are phase singularities in electromagnetic waves that constitute a unique and fascinating class of phenomena within the context of the physics of light. We present a brief overview of the recent advances in the study of optical vortices propagating in nonlinear media. We demonstrate that self-focusing nonlinearity leads, in general, to the azimuthal instability of a vortex-carrying beam, but it can support novel types of stable (or quasi-stable) self-trapped beams carrying nonzero angular momentum, such as vortex solitons, necklace beams, and soliton clusters. We also describe the properties of the discrete vortex solitons in periodic photonic lattices.
INTRODUCTION
In physics, wave propagation is traditionally analyzed by means of regular solutions of wave equations. However, these solutions often possess singularities, the points or lines in space at which mathematical quantities that describe physical properties of waves become infinite or change abruptly. 1 For example, at the point of phase singularity, the phase of the wave is undefined and wave intensity vanishes. Phase singularities of waves are now recognized as important features common to all waves. They were first discussed in depth in a seminal paper by Nye and Berry. However, the earliest known scientific description of phase singularity was made in the 1830's by Whewell, as discussed by Berry in Ref. [1] . While Whewell studied the ocean tides, he came to the extraordinary conclusion that rotary systems of tidal waves possess a singular point at which all cotidal lines meet and at which tide height vanishes. Waves that possess a phase singularity and a rotational flow around the singular point are called vortices. They can be found in physical systems of different nature and scales, and they are ranging from water whirlpools and atmospheric tornadoes to quantized vortices in superfluids and quantized lines of magnetic flux in superconductors. 3 In optics, the phase singularity forms an optical vortex: The wave rotates around the vortex core in a given direction; at the center, the velocity of this rotation is infinite and the light intensity vanishes. The study of optical vortices and associated localized objects is extremely important from the viewpoint of both fundamental and applied physics. The unique, robust nature of vortex fields is expected to lead to applications in areas that include optical data storage, distribution, and processing. Another area in which optical vortices could prove useful is in the establishment of free-space optical interconnects between electronic chips and boards. 4 The ability to use light vortices to create robust, reconfigurable patterns of complex intensity in an optical medium could aid laser cooling by optical trapping of particles in a vortex field, 5 and could enable light to be guided by the light itself, or in other words by the waveguides created by optical vortices. [6] [7] [8] [9] It is not surprising that singular optics, the study of wave singularities in optics, 10, 11 is now emerging as a new discipline.
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In a broad perspective, the study of optical vortices brings to light similarities between different and seemingly disparate fields of physics; the comparison of singularities of optical and other origins leads to theories that transcend the confines of specific fields. Vortices play an important role in many branches of physics, even those not directly related to wave propagation. An example is the Kosterlitz-Thouless phase transition 13 in solid-state physics models, characterized by creation of tightly bound pairs of point-like vortices that restore the quasilong-range order of a two-dimensional model at low temperatures. Such vortex-induced phase transitions can be observed in superfluid helium films, thin superconducting films, and surfaces of solids, as well as in models of interest to particle physicists and cosmologists. It is also believed that the study of vortex generation under a rapid quench could shed new light on the early stages of the evolution of the universe.
The Bose-Einstein condensate (BEC), a state of matter in which a macroscopic number of particles share the same quantum state, constitutes a well-researched example of a superfluid in which topological defects with a circulating persistent current are observed. Nearly 75 years ago, Bose and Einstein introduced the idea of condensate of a dilute gas at temperatures close to absolute zero. The BEC was experimentally created in 1995 by the JILA group, 14 who trapped thousands (later, millions) of alkali 87 Rb atoms in a 10-µm cloud and then cooled them to a millionth of a degree above absolute zero. The extensive study of vortices in BEC 15, 16 promises a deeper understanding of links between the physics of superfluidity, condensation, and nonlinear singular optics.
Here we overview some of the basic concepts of the physics of optical vortices in application to the propagation of singular beams in nonlinear media. In particular, we discuss the basic features of the vortex propagation in self-defocusing and self-focusing nonlinear media where, for the latter case, the a vortex-carrying beam undergoes azimuthal instability. 17 We summarize different problems where nonlinearity can support novel types of stable (or quasi-stable) self-trapped beams carrying nonzero angular momentum, such as vortex solitons, necklace beams, and soliton clusters. We also describe the properties of the discrete vortices in periodic photonic lattices.
LINEAR VS. NONLINEAR VORTICES
Vortices in linear media. To explain very briefly the physics of optical vortices, we recall that a light wave can be represented by a complex scalar function ψ (e.g., an envelope of an electric field), which varies smoothly in space and/or time. Phase singularities of the wave function ψ appear at the points (or lines in space) at which its modulus vanishes, i.e., when Re ψ = Im ψ = 0. Such points are referred to as wave-front screw dislocations or optical vortices, because the surface of constant phase structurally resembles a screw dislocation in a crystal lattice, and because the phase gradient direction swirls around the singular line much like fluid in a whirlpool. Optical vortices are associated with zeros in light intensity (black spots) and can be recognized by a specific helical wave front. If the complex wave function is presented as, ψ(r, t) = ρ(r, t) exp{iθ(r, t)},in terms of its real modulus ρ(r, t) and phase θ(r, t), the dislocation strength (or vortex topological charge) is defined by the circulation of the phase gradient around the singularity,
The result is an integer because the phase changes by a multiple of 2π. It also measures an orbital angular momentum of the vortex associated with the helical wave-front structure. If a light wave is characterized by an extra parameter, or, in other words, by wave polarization, its mathematical representation is no longer a scalar but a vector field. In vector fields, several types of line singularity exist; for example, those analogous to disclinations in liquid crystals, which could be edge type, screw type, or mixed edge-screw type, that could move relative to background wave fronts and could interact in several different ways. 10, 12 In the linear theory of waves, each wave dislocation could be understood as a simple consequence of destructive wave interference.
Vortices in nonlinear media.
A laser beam with a phase singularity generally has a doughnut-like shape and diffracts when it propagates in a free space. However, when the vortex-bearing beam propagates in a nonlinear medium, a variety of interesting effects can be observed. Nonlinear optical media are characterized by the electromagnetic response that depends on the strength of the propagating light. The polarization of such a medium can be described as P = χ
, where E is the amplitude of the light wave's electric field, and the coefficients characterize both the linear and the nonlinear response of the medium. The χ (1) coefficient describes the linear refractive index of the medium. When χ (2) vanishes (as happens in the case of centro-symmetric media), the main nonlinear effect is produced by the third term that can be presented as an intensity-induced change of the refractive index proportional to χ (3) E 3 . An important consequence of such intensity-dependent nonlinearity is the spontaneous focusing of a beam that is due to the lensing property of a self-focusing medium (when χ (3) > 0). This focusing action of a nonlinear medium can precisely balance the diffraction of a laser beam, resulting in the creation of optical solitons, which are self-trapped light beams that do not change shape during propagation.
A stable bright spatial soliton is radially symmetric and has no nodes in its intensity profile. If, however, a beam with elaborate geometry carries a topological charge and propagates in a self-focusing nonlinear medium, it decays into a number of bright spatial solitons. The resulting field distribution does not preserve the radial symmetry, and the vortex beam decays into a pair of out-of-phase solitons that repel and twist around one another as they propagate. This rotation is due to the angular momentum of the vortex transferred to the soliton pair.
Remarkably, the behavior of a laser beam in a self-defocusing nonlinear medium (χ (3) < 0) is distinctly different. Such a medium cannot produce a lensing effect and therefore cannot support bright solitons. Nevertheless, a negative change of the refractive index can compensate for a spreading dip in light intensity, thus creating a dark soliton, 17 a self-trapped, localized low-intensity state (a dark hole) in a uniformly illuminated background. Vortices of single and multiple topological charges can be created in both linear and nonlinear media by use of computer-generated holograms. 12, 17 Propagating through a nonlinear self-defocusing medium, such as a vortex-carrying beam, creates a self-trapped state, a vortex soliton. Vortex solitons have been observed experimentally in different materials with self-defocusing nonlinearity, such as slightly absorbent liquids, vapors of alkali metals, and photorefractive crystals.
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VORTICES IN SELF-DEFOCUSING MEDIA
In a self-defocusing nonlinear medium, a screw dislocation of the wave phase can create a stationary beam structure with a phase singularity, resulting in a self-trapped vortex beam or a vortex soliton. To describe the major properties of vortex solitons, we consider the propagation of a continuous wave (CW) beam in a bulk selfdefocusing medium governed by a (2+1)-dimensional NLS equation. In the specific case of the Kerr nonlinearity, this equation can be written in the normalized form
where ∇ = (∂/∂x, ∂/∂y). We can eliminate the background of constant amplitude u 0 through the transformation,
, and obtain the following equation for the new field ψ:
where we have dropped the primes for simplicity of notation. The dimensionless field variable is defined such that |ψ| → 1 as x and y → ±∞.
The existence of vortex solutions for the (2 + 1)-dimensional cubic NLS equation can be established using an analogy between the fields of optics and fluid dynamics. Employing the Madelung transformation, [21] [22] [23] 
where r is a two-dimensional vector with coordinates x and y, we can transform the NLS equation (2) into the following set of two coupled equations:
These equations can be viewed as those governing the conservation of mass and momentum for a compressible inviscid fluid of density ρ = χ 2 and velocity v = ∇ϕ, with the pressure defined as p = ρ 2 /2. The analogy, however, is not exact because, in addition to the standard pressure, Eq. (5) includes a second term that has no analog in fluid mechanics. This term results from the so-called quantum-mechanical pressure in the context of superfluids.
The Madelung transformation is singular at the points where χ = 0. Around such points located on the plane (x, y), the circulation of v is not zero but equals 2π. These points are the topological defects of the scalar field and are called vortices. To find the stationary solution corresponding to a vortex soliton (a dark soliton with circular symmetry), we look for solutions of the cubic NLS equation in the polar coordinates r and θ and assume that the solution of Eq. (2) can be written as
where the integer m is the so-called winding number, also called the vortex charge, and the real function U (r) satisfies
with the boundary conditions
The continuity of u at r = 0 forces the first condition, while U (∞) = 1 is consistent with a uniform background of intensity U 2 0 as r → ∞. Equation (7) can be solved numerically to find the shape of the vortex soliton for different values of m. Figure 8 .4 depicts U (r) for four different values of m. 24, 25 The region in the vicinity of r = 0, where U (r) is significantly less than 1, is called the vortex core. The functional form of U (r) near r = 0 and r = ∞ can be established directly from Eq. (7) by taking the appropriate limit and is found to be
The structure of the vortex soliton for an arbitrary form of the nonlinearity can be found using the same method and solving numerically for the amplitude function U (r). No qualitatively new features are found when the nonlinearity is allowed to saturate.
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However, the effective diameter of the vortex core increases almost linearly with the saturation parameter s = I 0 /I s , where I s and I 0 are the saturation and background intensities, respectively.
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Stability of vortex solitons associated with the generalized NLS equation has not yet been fully addressed. However, it is believed that vortices with the winding numbers m = ±1 are topologically stable but that those with larger values of |m| are unstable and decay into |m| single-charge vortices. In the context of a superfluid, the multi-charged vortex solitons are found to survive for a relatively long time. 28 A similar behavior is found to occur in optics. 29 For this reason, multi-charged vortices are classified as being metastable. As an example, an intentional perturbation of a triply charged vortex leads to its incomplete decay to a long-lived doubly charged vortex and a singly charged vortex, 30 confirming that saturation of nonlinearity can effectively suppress the instability. We should, however, stress that multi-charged vortices are strongly unstable in anisotropic nonlinear media.
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Experimentally, a vortex soliton appears as a dark region that maintains its shape on a diffracting background beam and displays a nontrivial dynamical behavior. To generate the vortex initial condition, one images the waist of the Gaussian beam onto the surface of a singly charged vortex phase mask with a telescope. The first diffracted order of this mask is then imaged onto the plane of the nonlinear cells input window, providing an initial condition consisting of a singly charged vortex nested centrally at the waist of a Gaussian beam. The position of the vortex in the initial field is controlled by translation of the phase mask across the beam. 
RING VORTEX BEAMS
A novel class of optical spatially localized beams in self-focusing nonlinear media associated with the rotation of the field phase was introduced by Kruglov and Vlasov. 34 The intensity of such a beam vanishes at the beam center, and, at the same time, the beam remains localized (i.e. its intensity decays at infinity) propagating in the form of a ring-like beam. The beam phase has a spiral structure with a singularity at the origin, representing a phase dislocation of the wave front and resembling the structure of an optical vortex. 35 Subsequently, similar ring-like vortex solitons were re-discovered in other studies [36] [37] [38] and for other types of nonlinear optical media, including quadratic nonlinear media. 39, 40 Furthermore, it was demonstrated in many numerical and analytical studies that such ring-profile vortex beams undergo an azimuthal symmetry-breaking instability, and they usually decay into 2|m| (for the Kerr-like medium 36, 37, 39 ) or 2|m| + 1 (for the quadratic media 39, 40 ) fundamental optical solitons. The symmetry-breaking instability of the ring-profile vortex solitons has been observed experimentally in both Kerr-like 41 and quadratic 42 media. In all such cases, the generation of different number of fundamental solitons due to the ring instability was observed.
To describe the fundamental physics of the scalar ring-like optical structures self-trapped in a nonlinear medium, we consider the simplest scalar case described by the well-known generalized nonlinear Schrödinger (NLS) equation, that can be derived, using the paraxial approximation, for the light propagation in an isotropic nonlinear medium with a local nonlinear response. In the dimensionless form, the generalized NLS equation has the form,
where E is the complex envelope of the electric field, and z is the propagation distance measured in the units of the diffraction length L D . Function F (I) describes the nonlinear properties of an optical medium, and it is assumed to depend on the total beam intensity, I ≡ |E| 2 . Examples of these Kerr-like materials include two-level model of resonant gases, F = I, or pure Kerr nonlinearity; the so-called saturable nonlinearity, F = I(1 + sI) −1 , or its low-intensity expansion, the cubic-quintic model, F = I − sI 2 , etc. Here the parameter s ≤ 1 defines the nonlinearity saturation.
Spatial optical solitons are stationary spatially localized solutions of the NLS equation (10) which do not change their intensity profile during propagation. Such a definition covers many different types of stationary beams with a finite power and, in general, the spatial solitons can be found in a generic form,
where the real functions U and φ are the soliton amplitude and phase, respectively, and k is the soliton propagation constant. Substituting Eq. (11) into Eq. (10), we arrive at the system of coupled equations for the soliton amplitude and phase,
We look for the solutions of the system (12), (13) with a constant phase, say φ = 0. In this case, it can be shown that the only type of structure localized in both transverse dimensions should possess a radial symmetry, i.e. U (x, y) = U (r), where r = x 2 + y 2 . Solutions of this type include the fundamental (bell-shaped) soliton [see Fig. 3(a) , m = 0] and higher-order modes with several rings surrounding the central peak.
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The main parameter characterizing the spatial soliton is its power
and in a saturable medium the soliton power grows with the saturation parameter s [see Fig. 3(b) ].
More general family of the soliton solutions, the so-called transversely moving solitons, can be obtained by applying the Galilean transformation, r → r − 2qz and φ → φ + q(r − qz), where v = 2q is the soliton transverse velocity. Such moving solitons can be characterized by the soliton linear momentum
which is defined for the fundamental solitons as L = qP .
Vortex solitons were introduced as the first example of a spatial soliton with the field dependence on the azimuthal coordinate ϕ = tan −1 (y/x), 34 also representing the first soliton solution with nonzero angular momentum. They can be found as the solutions with the radially symmetric amplitude U (r), that vanishes at the 
which can be expressed through the soliton amplitude and phase,
The vortex angular momentum is its intrinsic characteristic, and it is usually regarded as its spin angular momentum, in contrast to the orbital angular momentum of several interacting solitons [see Fig. 4 and discussion below]. Therefore, the ratio of the soliton angular momentum to its power can be identified with the soliton spin, S = M/P , and for the vortex solitons the spin is simply equal to its nonzero topological charge S = m, while for the fundamental soliton it always vanishes S = 0.
The existence of the ring-profile solitary waves can be explained by a simple physics. Indeed, it is well known that quasi-one-dimensional solitary waves, i.e. the (1+1)-dimensional solitary waves embedded into a (2+1)-dimensional bulk medium, undergo the transverse modulational instability. 44 One of the possible ways to suppress this instability is to consider a ring-profile structure created from a (1+1)-dimensional soliton stripe wrapped around its tail.
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It can be shown that such a soliton ring with the phase depending on the radial coordinate can display a stabilization effect, and even initially expanding beam can shrink and eventually collapse.
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The spiral beams with a rotating phase introduced in the paper 36 provide another example of nonstationary ring-profile solitary waves.
As was already demonstrated by many researchers, the ring-profile vortex solitons experience the azimuthal instability and fragment into a number of moving fundamental solitons which fly off the ring. In other words, the initial spin angular momentum of the vortex is transformed to the net orbital angular momentum of moving splitters. 46 The generation of fundamental solitons due to the ring instability has been observed experimentally in both Kerr-like 41 and quadratic 42 nonlinear media.
NECKLACE BEAMS
Since the decay of the ring-profile vortex solitons is associated with the growing azimuthal modulation of their intensity and the symmetry-breaking instability, one may try to stabilize the ring structure by imposing the initial intensity and phase modulation. In order to realize this idea and make a link to the vortex beams, we consider the initial condition of the form
which, from one hand, describes a vortex with the topological charge m at p = 1, and, from the other hand, it includes the varying modulation parameter p (0 < p < 1). The spin of this nonstationary structure is defined as
and it vanishes for p → 0. Figure 5 demonstrates the results of the propagation dynamics of such a beam with m = 6 in a medium with the saturable nonlinearity (s = 0.5). When the ring vortex is only slightly modulated [see Fig. 5(a) ], it decays into a complex structure of filaments because of a competition between different instability modes. 39 Note, that the anticlockwise direction of the splitters rotation is determined, accordingly to equations (15) and (16), by the gradient of phase, which grows anticlockwise for m > 0. The angular velocity vanishes as the ringlike structure expands.
When the modulation becomes deeper, e.g. for p = 0.5, the initial vortex transforms into a necklace-like structure [see Fig. 5(b) ], and its dynamics is modified dramatically. The modulated ring-profile structure does not decay but, instead, it expands with small rotation, the rotation is much weaker because the initial angular momentum (spin) is much smaller than that in the case shown in Fig. 5(a) . Similar ringlike structures were recently discussed in reference 47 as the first example of optical beams with fractional spin [see Eq. (18)] and rotating intensity.
Finally, for p = 0, when the initial angular momentum is zero, the necklace-type beam expands with no rotation. This type of the self-trapped azimuthally periodically modulated beams, the necklace beams, have been studied in detail for the self-focusing Kerr medium, 48 where they exhibit quasi-stable expansion. However, these necklace beams 47, 48 do not exist as stable stationary structures of a constant radius, because the neighboring interacting "pearls" of the necklace beam repeal each other. 
SOLITON CLUSTERS
In order to create non-expanding configurations of N solitons in a bulk medium, first we recall the basic physics of coherent interaction of two spatial solitons. It is well known 17 that such an interaction depends crucially on the relative soliton phase, say θ, so that two solitons attract each other for θ = 0, and repel each other for θ = π. For the intermediate values of the soliton phase, 0 < θ < π, the solitons undergo an energy exchange and inelastic interaction.
Here we follow the original paper 49 and analyze possible stationary configurations of N coherently interacting solitons for a ringlike geometry. It is easy to understand that such a ringlike configuration will be radially unstable due to an effective tension induced by bending of the soliton array. Thus, a ring of N solitons will collapse, if the mutual interaction between the neighboring solitons is attractive, or expand otherwise, resembling the expansion of the necklace beams. Nevertheless, a simple physical mechanism will provide stabilization of the ringlike configuration of N solitons, if we introduce an additional phase on the scalar field that twists by 2πm along the soliton ring. This phase introduces an effective centrifugal force that can balance out the tension effect and stabilize the ringlike soliton cluster. Due to a net angular momentum induced by such a phase distribution, the soliton clusters will rotate with an angular velocity which depends on the number of solitons and phase charge m.
To describe the soliton clusters analytically, we consider a coherent superposition of N solitons with the envelopes G n (x, y, z), n = 1, 2..N , propagating in a self-focusing bulk nonlinear medium. The equation for the slowly varying field envelope E = G n can be written in the form of the NLS equation (10) . For a ring of identical weakly overlapping solitons launched in parallel, we can calculate the integrals of motion employing a Gaussian ansatz for a single beam G n ,
where r n = (x n ; y n ) describes the soliton location, and α n is the phase of the n-th beam. Then, the integrals of motion introduced in section 2 take the form:
where
2 and θ nk = α n − α k . We assume that the beams are arranged in a ring-shaped array: r n = {R cos ϕ n ; R sin ϕ n } with ϕ n = 2πn/N , for which we find
First of all, analyzing many-soliton clusters, we remove the motion of the center of the mass and put L = 0. Applying this constraint, we find the conditions for the soliton phases, α i+n − α i = α k+n − α k , which are satisfied provided the phase α n has a linear dependence on n, i.e. α n = θn, where θ is the relative phase between two neighboring solitons in the ring. Then, we employ the periodicity condition in the form α n+N = α n + 2πm, and find:
In terms of the field theory, equation (23) gives the condition of the vanishing energy flow L = 0, because the linear momentum L = jdr can be presented through the local current j = Im(E * ∇E). Therefore, equation (23) Applying the effective-particle approach, Desyatnikov and Kivshar 49 derived an effective interaction energy for the soliton cluster and shown that it can be classified in a simple way by its extrema points. The existence of a minimum point suggests that such a configuration may describe a stable or long-lived ring-like cluster of a particular number of solitons. This prediction can be verified further by a series of numerical simulations for different N -soliton rings and their propagation in a saturable medium.
For example, the effective potential is always attractive for m = 0, and thus the ring of N = 5 in-phase solitons should exhibit oscillations and, possibly, fusion. Exactly this behavior is observed in Fig. 6(a) . Although the ring oscillations are well described by the effective potential U (R), the ring dynamics is more complicated. Another scenario of the mutual soliton interaction corresponds to the repulsive potential [ e.g., for the case m = 2 and θ = 4π/5]. In the numerical simulations corresponding to this case, the ringlike soliton array expands with the slowing down rotation, as is shown in Fig. 6(d) .
Evolution of the stationary soliton bound state that corresponds to a minimum of the effective potential for m = 1 is shown in Fig. 6(b) . Here the angular momentum is nonzero, and it produces a repulsive centrifugal force that balances out an effective attraction of the solitons. 
DISCRETE VORTICES
Optical vortices discussed above propagate in homogeneous nonlinear media. Periodic modulation of the refractive index modifies the wave diffraction properties, and it can affect strongly both nonlinear propagation and localization of light. 17 As a result, periodic photonic structures and photonic crystals recently attracted a lot of interest due to the unique ways they offer for controlling light propagation. In particular, many nonlinear effects, including formation of lattice solitons, have been demonstrated experimentally for one-and two-dimensional optically-induced photonic lattices.
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The concept of optically-induced lattices arises from the possibility to modify the refractive index of a nonlinear medium with periodic optical patterns, and use a weaker probe beam to study scattering of light from the resulting periodic photonic structure. Current experiments employ photorefractive crystals with strong electro-optic anisotropy to create a linear optically-induced lattice with a polarization orthogonal to that of a probe beam, which also eliminates the nonlinear interaction between the beam and the lattice.
A vortex beam propagating in an optical lattice can be stabilized by the effective lattice discreteness in a selffocusing nonlinear media creating a two-dimensional discrete vortex. This has been shown in several theoretical studies of the discrete 53 and continuous models with an external periodic potential, 54, 55 and such vortices have been also generated experimentally.
56, 57 Below, we discuss some of the basic properties of the discrete vortices and summary the major experimental observations. We consider two-dimensional optically-induced lattices created in photorefractive crystals. In this case, the evolution of a laser beam is described by the generalized nonlinear Schrödinger-type equation,
where Ψ(x, y, z) is the normalized envelope of the electric field, the transverse coordinates x, y and the propagation coordinate z are normalized to the characteristic values x 0 and z 0 , respectively,
) is the beam diffraction coefficient, where n 0 is the average medium refractive index and λ is the vacuum wavelength. The function G(x, y, |Ψ| 2 ) accounts for both lattice potential and nonlinear beam self-action effects,
where γ is proportional to the external biasing field, I b is the dark irradiance, and I 0 is the intensity of interfering beams that induce a square lattice of period d through the photorefractive effect (see details in Refs. 52, 56, 57 ). Similar mathematical models appear for describing the self-action effects in nonlinear photonic crystals, 58 and the nonlinear dynamics of atomic BEC in optical lattices. In order to analyze the vortex-like structures in a periodic potential, we present the field envelope in the form, ψ(x, y) = |ψ(x, y)| exp[iϕ(x, y)], and assume that the accumulation of the phase ϕ around a singular point (at ψ = 0) is 2πM , where the integer M is a topological charge of the phase singularity. We consider spatially localized structures in the form of vortex-like bright solitons with the envelopes decaying at infinity. Such structures may exist when the soliton eigenvalue β is inside a gap of the linear Floquet-Bloch spectrum of the periodic structure. 58, 59 More importantly, a self-induced waveguide created by the vortex soliton is doubledegenerated, and it supports simultaneously two modes, |ψ(x, y)| cos ϕ and |ψ(x, y)| sin ϕ, for the same value of β. For symmetric vortex-like configurations, i.e. those possessing a 90
• rotational symmetry, this is always the case.
We notice that the profiles of stable symmetric vortex solitons, discussed so far in both the theory and experiment, resemble closely a ring-like structure of the soliton clusters 49 in homogeneous media (see above). This observation allows us to develop a general analytical approach to construct the vortex solitons as a superposition of a finite number of the fundamental (no nodes) solitons. 61 We look for structures in the form,
where ψ s are the profiles of the individual fundamental solitons, n = 0, . . . , N − 1, where N is the total number of solitons, (x n , y n ) are the soliton positions, and A n are the soliton amplitudes. In contrast to the case of a homogeneous medium, the positions of individual solitons are fixed by the lattice potential, provided the lattice is sufficiently strong. In order to determine the soliton amplitudes, we present Eq. (24) 
dxdy are the coupling coefficients, G is the effective local nonlinearity, and F n defines the four-wave mixing (FWM) terms such as ∼ A m1 A * m2 A n . We note that the approximation (26) is valid when c n =m , G, F/A n ∼ ε, where ε 1 is a small parameter. It was rigorously demonstrated 62, 63 that under such conditions the soliton amplitudes A n are slightly perturbed due to their interaction, and we can seek stationary solutions of Eq. (27) using the perturbation approach:
We note that the four-wave mixing terms in Eq. (27) are proportional to forth-order overlap integrals, and therefore F n m f nm A m . If these terms are neglected, in the first order we obtain a simple constraint for the soliton phases ϕ n ,
In the sum (28), each term defines the energy flow between the solitons with numbers n and m, so that the equations (28) introduce a condition for a balance of energy flows which is a necessary condition for stable propagation of a soliton cluster and the vortex-soliton formation. These conditions are satisfied trivially when all the solitons are in-or out-of-phase. We note that Eq. (27) with F n ≡ 0 has the form of a discrete selftrapping equation, which appears in different physical contexts. 64, 65 However, nontrivial solutions of Eqs. (28) corresponding to the vortex-like soliton clusters have been analyzed only for symmetric configurations, and even then some important solutions have been missed, as we demonstrate below. Moreover, we show that the existence properties of asymmetric vortex-like solutions are highly nontrivial, due to specific properties of the coupling coefficients calculated for realistic periodic structures.
To provide evidence for the existence of the discrete vortex solitons, Neshev et al. 56 performed experimental investigations (see also Ref.
57 ) with the experimental setup similar to that reported in Refs.. 66 An argon ion laser beam (operating at the wavelength λ = 488 nm) is collimated and then split with a polarizing beam splitter. The ordinarily-polarized beam (o-beam) is focused onto a rotating diffuser, turning into a partially spatially incoherent source. A biased photorefractive crystal (SBN:60, 5 × 5 × 8 mm 3 , with r 33 = 280 pm/V) is employed to provide a self-focusing non-instantaneous nonlinearity, as in the previous demonstrations of the incoherent spatial solitons.
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To generate a two-dimensional photonic lattice, Neshev et al. used an amplitude mask to modulate spatially the otherwise uniform o-beam after the diffuser. The mask was then imaged onto the input face of the crystal, thus creating a partially coherent pixel-like input intensity pattern. 66 Typical experimental results are summarized in Figs. 8(a-d) . A two-dimensional square lattice was first created, with its principal axes oriented in the diagonal directions. Since the lattice has a spatial period of only 28 µm, this orientation favors stable lattice formation. (A square lattice with its principal axes oriented in the x − y directions tends to suffer distortion due to anisotropic photorefractive nonlinearity.) In addition, the lattice beam is partially spatially incoherent, (spatial coherence length ∼100 µm), which also entails stable lattice formation due to suppression of incoherent 
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modulation instability. 69 The resulting periodic structure acts as a square array of optically induced waveguides for the probe beam. The vortex beam, shown in Fig. 8(a) , was then launched straight into the middle of the lattice "cell" of four waveguides. The vortex beam is coherent, e-polarized, and has intensity about 5 times weaker than that of the lattice. In this geometrical configuration, the o-polarized lattice exhibits only a weak nonlinearity as compared to that experienced by the e-polarized vortex beam, and therefore remains nearly invariant as the bias field increases, with only a slight increase of its intensity contrast. Due to coupling between the closely spaced waveguides of the lattice, the vortex beam exhibits discrete diffraction when the nonlinearity is low, whereas it forms a discrete vortex soliton at an appropriate level of higher nonlinearity. In Fig. 8(b) , discrete diffraction of the vortex beam in the lattice was observed at a low bias field of 600 V/cm. The symmetry of the observed diffraction pattern is not perfect due to inherent defects in the crystal. When the bias field was increased to 1200 V/cm [see Fig. 8(c) ], partial focusing of the vortex beam was observed. In this case, more energy of the vortex beam goes to the central four cites, but the side lobes still share a significant amount of the energy. Importantly, for higher nonlinearity, i.e. at a bias field of 3000 V/cm, a discrete vortex soliton is clearly observed [see Fig. 8(d) ], with most of the energy concentrated at the central four sites along the principal axes of the lattice, indicating that a delicate balance has been reached between the discrete diffraction and self-focusing experienced by the vortex.
CONCLUSION
We have presented an overview of exciting research in the field of the so-called nonlinear singular optics that studies the propagation of optical vortices and optical beams carrying an angular momentum in nonlinear media. Understanding and controlling the properties of optical vortices could lead to useful applications in the near future, ranging from optical communications and data storage to the trapping, control, and manipulation of particles and cold atoms. Indeed, optical vortices provide an efficient way to control light by creating reconfigurable waveguides in bulk media. The study of phase singularities in optical parametric processes not only suggests new directions of fundamental research in optics but also provides links to other branches of physics. For example, the recent discovery of a rich variety of exotic topological defects in unconventional superfluids (such as 3 He-A) and superconductors points to the likelihood that deep analogies exist between vortices in complex superfluids and multi-frequency light waves.
More recent research of vortex-like structures in periodic photonic lattices reveal many intriguing novel effects such as the existence of different types of robust asymmetric vortex-like nonlinear localized structures. Such vortices resemble the soliton clusters trapped by the lattice, but they are associated with a non-trivial power flow. We believe novel effects in the physics of vortices will be soon observed Bose-Einstein condensates in optical lattices, photonic crystals, and photonic crystal fibers.
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